ANALYTIC TORSION OF HIRZEBRUCH SURFACES 
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Abstract. Using different forms of the arithmetic Riemann-Roch theorem and the 
computations of Bott-Chern secondary classes, we compute the analytic torsion and the 
height of Hirzebruch surfaces. ' 

1. Introduction 

In IIR-S-73 1. Ray and Singer defined the analytic torsion for hermitian complex mani- 
folds, which can be seen as a regularized determinant of the Laplacian for the d operator 
acting on the spaces of forms. They computed it for curves as functions on the moduli 
spaces and related it with modular forms. Yoshikawa generalized this relation for Theta 
divisors on Abelian varieties I Y-991 . Another kind of result is about Hermitian symmetric 
manifolds, where the spectrum of the Laplacian (and hence the analytic torsion) can be 
explicitly derived from the spectrum of the Casimir operator I K-951 . 

We compute the analytic torsion t(S'„) ~ — logTo(S'„, 1) of (the trivial flat Hermitian 
line bundle on) the Hirzebruch surfaces Sn the only ruled surfaces over P^, endowed with 
some canonically defined hermitian metric. We prove 

Main theorem 

For the analytic structure of Sn varies with n, results on adiabatic limits (as in iB-B-941 
for example) do not apply at once. There is nevertheless a striking resemblance with the 
asymptotic of the analytic torsion associated with the positive line bundles Opi (n) 
computed in rB-V-891 Theorem 8. 

Our method consists in applying different forms of the arithmetic Riemann-Roch theo- 
rem, reducing the computation of the analytic torsion to the computations of distinguished 
Bott-Chern classes. For we have a description of the arithmetic Chow group of the natural 
Z-model Sn of the Hirzebruch surface Sn, we can also compute its height. 

I would like to thank Ken-Ichi Yoshikawa for suggesting me this problem, Daniel Huy- 
brechts, Xiaonan Ma and Vincent Maillot for useful discussions. 

2. Preliminaries 

2.1. With the relative Euler sequence. We will recall some facts about the arithmetic 
Chow ring of the projective line P^ and of the Hirzebruch surfaces Sn- We refer to the 
book IS-921 for basics about the arithmetic constructions. 

Let V be a free Z-module of rank 2 and = P(V) Spec Z the projective space 
of rank one quotients of V. The choice of a Hermitian scalar product onV .— V ®z C 
determines canonically a Hermitian metric h on the tautological line bundle Opi (1), as the 
quotient metric through P^ x V" ^ Opi (1). Its curvature form gives a Kahler form on P^ 
and will be denoted by a; = wpi. The arithmetic first Chern class of (C'pi(l), h) will be 
denoted by x. Considering the exact sequence S with natural metrics 



-> Opil-l) ^ V* ^ Oriil) 
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we derive the relation {l — x){l + x) — l = a{c{S)) that is, using IIG-S-901 proposition 5.3, 

= —a(c2{S)) = a{x). 

Consider the ample vector bundle :— Opi (1) ® Opi (n + 1) on P^. Then, 

Sn^F{£n) ^Pl^ SpecZ 

is a Z-model of the Hirzebruch surface Sn- The tautological ample line bundle on 5„ 
will be denoted by Os^ (1). From the metric h, we construct an orthogonal sum Hermitian 
metric on £"„ :— £n{C). The arithmetic Chern class of is hence c(£„) = + + 
{n+l)x). We also get a Hermitian metric (still denoted by hn) of positive curvature := 
e{OE„il),K) onC'£;„(l) 0£„(1)(C) as quotient metric through 7r*£;„ Oe„{1). 
The arithmetic first Chern class of Og^ (1) will be denoted by 3^. Considering the relative 
Euler sequence S(l) metrized with induced and quotient metric from the metric hn on En 

we derive the relations 



= cl(7r*£*®0£„(l))+a(c~2(E(l))) 
(2.1.1) = -{n + 2)Tr*S^ + {n + l)n*x^ + a{c2(Ul))). 



(2.1.2) ci{Ts^/pi,Ug) = 6i{tt*£* ® Oe„(l)) + a(c~i(E(l))) = 2^ - (n + 2)tt*x. 
Recall from our computations IM-031 . that 

(a , a )h 

where denotes the relative Fubini-Study form. We have proved the following arithmetic 
analogs of relations in Chow groups. 

Lemma 1. In the arithmetic Chow ring off\, we have 

x^ — a[x). 
In the arithmetic Chow ring of Sn, we have 

{Q{E\h)a\a*) h 
{a*,a*)h 



ccn — {n + 2)x(Xn — a { an — {n + l)x + 



This exact sequence also enables to compute the height of Hirzebruch surfaces with 
respect to the polarization 0£^{1). The arithmetic height of an arithmetic variety X 
Spec % of relative dimension n with respect to a polarization L ^ X v& defined to 

be h-^iX) ((?L (£)"+!) where deg : (7ff\z) M sends {J2nv'P,X) to 

logT' + A/2. The arithmetic height of Sn is hence given by 

h-^^jjj{Sn) = deg f^T:^, (S^^^ = deg /^s^(£„) 
where s5„(f„) := tt^ (q^^^™ ) is the m-th geometric Segre class of in the arithmetic 



— — / 1 \ 1 

Chow group CH (P^) of P^. Define the secondary form 

S.,n+l{En,hn) = TT^^s (E(l) )<) E A^^^^). 



From the degree two relation ( I2.1.U on arithmetic Chern classes, taking product with an 
(to = ; 1) pushing-forward through ^T^, and applying usual rules of calculus on arithmetic 
Chow groups we are led to relations in CiJ(P|) 

P^(£^)-{n + 2)x + a{Si{En,hn)) = 
p2(£^)-{n + 2)xP,(£^) + {n + l)x^ + a{S2{En,hn)) = 



and then to 



s'^iSn) = (n + 3n + 3)J^ - (n + 2)a(a;5'i(£;„, - a(S'2(i;„, 
Using, Mm) = and J^f^^^^.^s = ^ infer, 
= 7r*(2-2(S(l))) = -7r*(0) = -1 



\a ,a )fi A 



Hence, 



^ 3{n + 2) , , 2n2 + 9n+12 , , 



2 ^ ' 2 
Finally, computing the arithmetic degree we get 

Theorem 1. The arithmetic height of the Hirzebmch surface <S„ is 

^ , . _ 2n^ + 9n + 12 

0£„(i)*' ~ 4 

2.2. With the sequence associated to the flbration. To complete the picture of the arith- 
metic datas of the Hirzebmch surfaces, we need to compute the Bott-Chem secondary 
classes of the short exact sequence 

^ (Ts„/pi,a„) A (T5„,a„) ^ {n*T¥\an) ^ 

of hermitian vector bundles on Sn. 

We need to make explicit the metric a„ = Q{OE„{^),hn). We choose a local holomor- 
phic frame e for This provides a frame (e*, e*""*"^) forE*. We denote by (ai, 02) 

the corresponding coordinates on E* and by z the holomorphic coordinate z := 01/02 on 
an appropriate open set of P{En). Then, a„ is computed by dd'^ \og{\\e* + ze*"'~^^\\f^ ). 
We find 

l + (n + l)|^n|elp" 2 

= 1 , l^|2|U*||2n ^d log ||e || 



(2.2.1) + '"^ 



1+ |z|2||e „ 

'rf^ + n^d'log||e*p 



(l + |z|2||e*P»)2 27r 

The choice of the frame e naturally induces a choice for a local holomorphic sphtting 
TSn ^ 7r*TPi © T5„/pi so that for a vector X in TP\ d7r(X,0) = X and i (^) = 
(0,^). We find 

ii(^>o)ii^„ = ' ^^;;^|ei||i» i^i^- + ^ d + 1^11" p»)2 1--^^ i-ii^i^ 

((X,0),(0.j^».., = _^^_0_W,log||e1P 



az'""" 27r(l + |z|2||e*P")2 27r ||e* 

Let X be a vector in TP^. Its image {dTT)*TT*{X) can be written as {dTT)*Tr*{X) = 
{X, 0) + Vx(0, ^) subject to the condition {X + Vx^, ^)a„ = 0. This leads to Vx = 
—nzd'-^ log ||e*||2. We can then derive the expression for the quotient metric on 7r*TP^ 

an|^*Tpi ^ ||(d7r)*X||2^ ^ i + (n + l)|z|2||e*p» ^ (7r*e(j;;;,/t„)a*.a*) 
TT^cjpi ||X||2, l + |z|2||e*P" 7r*Wpi(o*,o*) 

We can now compute the Bott-Chern class for the short exact sequence constructed 
from dir. 



Lemma 2. The Bott-Chern class for Chern classes in the short exact sequence 

^ [Tsjv^ , an) ^ {TSn, a„) ^ (n*Tf\ a„) ^ 

is 

c(rs'„,rp\a„,a„) = 



1 + (?i + l)|z|2||e*P" 1 + |z|2||e*P"/ ^' 

Proof. As a consequence of IG-S-90i prop 1.2.5, we derive ci(T5„, TP^, a„, a„) = 0. 
Using the original computations of Bott and Chern, 

Jo u 

with 

$(u) = Trace ((l-u)e(7r*rP\a„)+u(d7r)e(r5„,a„)((i7r)*) 
= (d7r)e(T5„,a„)(d7r)'^ 

1 

follows 

Now, remark that 

i*(y"{dnr)X - ,*V'iid7:rX)^d"Vxi*iO,^)^d"Vx-^. 

oz az 

Also, 

\\x + Vx^\l^ ""l^ + ^^^IIL 

- 1 ||eip("-) 



Summing up 



27r (1 + |z|2||e*P")(l + (n + l)|z|2||e*P") ' 
-rrc: TFi ^--^ d'V^hd"Vx 

C2{lt>n,ir ,an,an}- 4^2 (l + |^|2||g*||2„)(l + + l)|^|2||g*||2„) ||^||2^ 

i n2|z|2||e^p" d'd^log||e*p Ad"d^log||e^P 

(1 + |z|2||e*P")(l + (n + l)|z|2||e'^P") 

n2|z|2||e*p" ^ 

" (1 + |z|2||e*||2")(l + (71 + l)|z|2||e*P«)'' 

The last equality is derived from the fact that those (1, l)-forms take the same values on 
■n*X which generates ti*TT^. □ 

2.3. Some characteristic classes. In the previous two exact sequences the bundle Tg^/pi 
appeared equipped with two different metrics, the one Uq gotten by quotient of that on 
7r*£'* (g) Oe,^ (1) and the one induced by a„. We will compare those metrics and derive 
expressions for some characteristic classes. 

Choose a point xq in P^ and a normal frame e for Opi (1) at xo. Then, on the fiber of xq 

""|T,„,ri = ^^^^ logdl^* + ^e*"+'in = d^dl log(l + Izp) = 



On the other end, the map q is built from the differential of the quotient map E* — x 

{0} ^ P{En), {x, aie* + 026-^"+') ^ {x, [ai : 02]) ^ (x, z f^) 

(&ie* + 62e'^"+')® (aie* + a2e*"+i)* ^ "^'Vr'' 
Follows the expression for its adjoint map 

^ o \ I \e ,aie + a2e ; ^ \ ^ * , *n+i-si. 



q — = e — ^n+i«9 — ("1^ +"26 ) (K) (aie +026 ) 

\aidzj \ ||aie* + a2e*"+^P ' 1 



9zy i + ki^ 

,Tr , • . , • ■ ■ • , dzAdz 

We derive that the quotient metric is given by iVq = = 27ra„|7-_, on the 

fiber of xq. This enables to express the arithmetic first Chern class of Tg^^yi with the 
metric an\T 



ci(J5,,/pi,a„) cl(r5_^/pi,Ljg) + a(log27r) 

= 25?;; - (n + 2)5: + a(log27r) 



where we have used the relation ( I2.1.2> . Similarly, the map (TP^, 27Tujpi ) {Opi (2), h) 
is an isometry. Just recall 

c(T5„, q;„) = c(Ts^/pi , a„)c(Tpi , q;„) - a{c{TSn, TP\ «„, «„)) 

to end the proof of 

Lemma 3. 



ci(75„/pi;"„) = 25;; - (n + 2)5; + a(log27r) 

cl(rP^,«„) = 2g-aflog ""1-;^^^ ") 

\ 27r7r*wpi / 



(?L (T5„, a„) = 2aii - - a log 



a 



c^(T5„,q;„) = 4a;;x-2(ri + 2)x^ + a(21og27rx 



- log "l"7'^ i(Tg„/pi) - ?2(r5„, TPI, a„, a„) 

3. Using the arithmetic Riemann-Roch theorem 

We will apply the degree one arithmetic Riemann-Roch theorem IG-S-921 for the map 

F : 5„ — > Spec Z to compute the analytic torsion of the bundles of holomorphic differen- 
tial forms on S'„. 

3.1. On the analytic torsion. We recall the definition of the analytic torsion of a Hermit- 
ian vector bundle {E, h) on a compact Kahler manifold {X, uj). We endow the space of 
differential forms with values in E with its metric (constructed with oj and h) in order 
to construct the adjoint d^* of the Dolbeault operator : A"'* {X, E) ^ A^'i+^ {X, E). 
The associated Laplace operator A^' has a discrete spectrum 

= 0= -- -= 0<Ai<A2<---<AAr<---. 

+00 

Its spectral function Cg(s) '■— extends to a meromorphic function on C, holomor- 

1 

phic at 0. We define the regularized determinant of the restriction of the Laplace operator to 
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the orthogonal complement of its kernel to be dei'A^' :— exp | — ^^^(0) J . The analytic 



torsion of {X, uj, E, h) is then given by 



To{X,Lo,E,h) ■.^eM~riiX,Lo,E,h)) l[idet' A'^^-'^''^ . 

q>0 



3.2. On arithmetic first Cliern class of determinant bundles. On one hand, from the 
very definition of the arithmetic first Chern class of a Hermitian line bundle and from 
the definition of the Quillen metric on the determinant of the direct image of a Hermit- 
ian vector bundle, identifying CH^{SpecZ) with M through the degree map deg , we 
get (see IG-S-921 4.1.5) 



deg ci(AF(f^5^J, Quillen) 



2 

E( 

g=0 



From Leray-Hirsch theorem, the cohomology ring H*{Sn, of Sn = P(£'„) is 
H'{P\Z)[{an}] Z[Kc^pi},{a„}] 



{a„}2 - (n + 2){TT*ujpi} U {a„} {n^ajpi}^, {a„}2 - {n + 2){tt*lupi} U {«„} ' 

We hence get, applying Hodge decomposition to the De Rham cohomology, 

for p = 0, • (5„ , Os„ )z = ° (5„ , Jz = 

for p - 1, H'{Sn,nlJz = H\Sn,QlJz = Z{n*LUri} + Z{a„} 

forp - 2, H'{Sn,nlJz = H^{Sn,nlj2 = Z{7r*LUri} U {«„} = 

We now intend to find the harmonic representatives of those generators, with respect to 
the metric a^. The forms 1, and are easily seen to be harmonic of norm a/^^^. 



\/n + 2 and y ip^^ respectively. Computation of the harmonic representative of {Tr*ujpi} 
is quite involved and will not actually be used. Details will be given in the appendix. 

The form ljh '■= 7r*tJroi ^dd'^ los ^^[^ is harmonic. To compute its L^- 

norm, we need to introduce the Hodge ★-operator. It is defined in order to fulfill the relation 
u/\-kv — {u,v)a„dVa^. Recall that (iV^Q.^ — Q;^/2andthat |q:„|^^ = 2. Local computation 
of the Hodge ^-operator leads to ~ an- For -kuj^ is also harmonic, it can be written 
as aan + huH- Writing the relation ★ * ujh = loh leads to either (6 = 1; a = 0) or 
h = —1. Noting that 6=1 would lead to = j ^^h A -kujH = j A ujh = 

J 7r*Li;pi A 7r*ti;pi = 0, we derive b = —1. Equating ujh A -kan and -kajn A we get 
aa^ = 2a„ A ujh- Integrating, we find a — We can now conclude 

f = / LUH^{ —an -ujh) 



n+2 ' n+2 

We hence find an orthonormal basis of H*{Sm ^^s„) = C{q!„} ® H*^^^^{Sn, f^5„) 

■ \Jn + 2\{'K*ujyi) - - 



VnT2 



The L^-volume of gi(g "n^^")^ ' which is the norm of the generator {7r*a;pi} A {«„} of 
A^H^{Sn, )z is 1. Concluding this first step, we get 



ci{XFinlJ,QuiUen) = log ^ ^^-^ + ^r(5„, 

3.3. The arithmetic Riemann-Roch theorem. On the other hand, the arithmetic Riemann- 
Roch theorem reads 



Cl 



= (5^(7^, an)di{T)^, a„)) - (rd(r5„)i?(r5„)c/i(r!gj) 



Recall 



rd(T5„) = 1 



2 12 24 

and 



2 6 



2 6 
so that 



Td{TSn)ch{Of 1,1) =- Td{TSn)ch{n\ ,an) 



Td{TSn)ch{Vli ,q;„) 



ci{TS„)c2{TS„ 
24 

0. 
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From formulas for the arithmetic Chern classes of {TSn, an) in lemmalUwe get 

ci(r5„, q;„)c^(T5„, = 8a„ a; - 8(n + l)Q;na; + o -41og a„a; + 2 log27rxci(r5'„) 

\^ 47r^7r*ti;pi 

To compute the integral, recall from lemma^that 

Fi,{c£^,x'^) = a{Fi,{anx)) ^ a{l) 

Fi,{(£a^x) = (n + 2)^;(a^a;^) + a(i^*(a„a;)) = a(n + 3) 
Applying the morphism lo in lemma|3] we can compute the curvature form of {TSn, 



ci{TSn,an) = 2a„ — na; — dd^ log ■ 



3n n . ^ 

" 1 + |zP||e*P» + l + (n + l)|z|2||e^P"J 

*l|2n , nil^*l|2n 



3||elp" (n + l)l|e*|| 



(1 + |z|2||e*P")2 (1 + (n + l)|z|2||e*P")2 J 27r 
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dz + nzd' log II e* p 



2 



where we used the expression (12.2. 1> for Q!„ and the expression in the appendix for dd^ log "'^1'"^^^ 
Then note that from lemma|3]we find 

ci(T's„/pi,a„) = 2a„ - (n + 2)7r^a; 

2n . ^ 2||e*p" , „ ^ . " 



so that 

ci{TSn, an) ci{Ts^/r^, an 



(5n + 2)||e*||2" {n+l){n + 2)\\e*\\ 



*\\2n 



12n\\e 



*\\2n 



'K*X A 



dz + nzd' log lie* 



(1 + |z|2||e*P")2 ' (l + („+l)|;2|2||g*||2n)2 _^ | ^ |2 || ||2n)3 ' 



Integration leads to 



lci{TSn,an)ci{Ts^/pi,an)\og-^ '^^ 



(5n + 2) 



n+1 



-6(71+1) 



n 

n + 1 



n 



log(n+ 1) - 1 
log(n + 1) - 1 



TT [jjpl 

+ (n + 2) 



1 log(n+ 1) 

n 



+ 3rt = 5ri + 6 — 



n + 6 + 



log(n + 1) 



Thanks to lemma|2]we get 

(ci(rS'„,Q;„)c5(rS'„,TP\a„,a„)) 
3 n + 1 



(l + |z|2)2 (l + (n + l)|^|2)2; Vl + (n + l)|z|2 l + |z|2 
3n n+1 / , N n+1 



dz A dz 



C (l + |z|2)3 (l + (n+l)|z|2)^ 

n + 1 



n+1 



+ (n+1) 



1 



(l + (n + l)|z|2)2 



(l + |;z|2)2 n \l + {n+l)\z\^ 1 + 

= ^r- + (n + l)-3 + 2 log(n+ 1) = -n- 2 + 

2 n 

We are now able to compute 

(61(T5;:,a„)6^2(T^,a„)) = a f 16 + 81og27r - 4 ( -1 



dz A dz 



2' 

2 + - 

n 



log(n + 1). 



+4 log 27r - 4n + 4 



n + 4 + 



log(n + 1) + 41og27r 



log(n + 1) 



a (n log(n + 1) - 4n + 16 + 16 log 2tt) . 



For analytic terms. 



- 8C'(-1)+4C(-1)) 
F, [Td{TSn)RiTSn)chinlJ] = 
FS[Td{TSn)R{TSn)ch{nlJ] = -8C'(-1)-4C(-1)). 

3.4. Conclusion. We are now about to end our computations. We just have to notice from 
application of the arithmetic Riemann-Roch theorem to the map / : — > Spec Z using 

ci (TPi , ujpi ) = 2x + a (log 27t) that the analytic torsion of is 

riF\.,.) = l±^-4Ci-l)-2a~l). 



We find 



Theorem 2. 



,^ , nlog(n + l) n , n + 2 „ , 
r{Sr.) = ^ ^--+log^- + 2T(P\^pO 



T{Sn,nlJ = 

Theses results are compatible with theorem 3.1 in IR-S-731 . 

4. Using Berthomieu-Bismut formula 

The second idea for the computation of the analytic torsion r (5„ ) is to apply Berthomieu- 
Bismut formula IB-B-941 for the composition of submersions : 

Sn^P{£n) -^^l^ Specl. 

We follow their construction in our particular setting. 

4.1. On Leray spectral sequence. Leray spectral sequence of tt gives a canonical iso- 
morphism (T between the determinant line bundles. 

XfiRTT^OsJ ^ Xf{OsJ 

where we have set F := / o tt. Note that we do not consider their dual as in iB-B-941 . 
Here, for tt is a locally trivial family of projective lines, i?7r^,C's„ = TTi,Os„ = Opi. The 
spectral sequence hence degenerates in E2 and the isomorphism a is 

deii?°(P\Opi) ^ detH°{Sn,OsJ 



4.2. On Quillen metrics. We now describe the Quillen metrics on determinant line bun- 
dles. We choose the trivial metric on Os„- The fibers of tt are endowed with the metric 
induced by Q!„ :— 8(C'£;„(1), The bundle RiTi^Os^ = Opi is endowed with its 

metric which is the trivial one for «„ is of volume 1 on every fiber of tt. Choose 
u!pi :— X — 0(C'pi (1), /i) the Fubini-Study metric of volume 1 as metric on P^. 
Hence for 1' e Rf^iRir^OsJ = H°{¥\Opi) 

lll'l|2 / T, , 1 . in'l|2 ^-r(F^) 

\\1 11^2 / It^pi =1 , ||1 IIq = e ^ '. 
For 1" e RF.Os^ - H°{Sn,OsJ 

|H//||2 _ f ,0^1 _ n+2 |M/'||2 _ !l±^,-r(S„) 

" " Js^ T ~ ' " "'3 " 

We can compute the Quillen norm of the isomorphism a 

logi^iA-(«..o.J«A.(OsJ = = - r(5„) +log ^ 

4.3. Berthomieu-Bismut formula. On the other hand this norm is computed by the Berthomieu- 
Bismut formula 



n 



Td{TS,„TF\a^,ujpi)ch{Os^,l). 

Two kinds of secondary objects are used in this result. On one hand, the form Tors{an, 1) 
is the analytic torsion form of Bismut-Kohler IIB-K-921 which fulfills the relation 

(4.3.1) dd=rors(a„, 1) = 7r,(Td(Ts„/pi, a„)c/i(Os„, 1)) ~ c/i(ii'^.Os„, !)• 
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On the other hand, the class Td{TSn, TP^, q;„, wpi) is the Bott-Chern class for the Todd 
characteristic form tG-S-90J of the following metrized exact sequence 

-> (Ts„/pi, a„) -> (T5„, a„) ^ (^*TP\ ^^c^pi) ^ 
which fulfills the relation 

dd'Td{TSn, TF\an, ujpi) = Td(Tsjv^ , a„)Td(^*TP\ Tr^wpi) - Td(T5„, a„). 

Note that our sign conventions differ from the ones in IB-B-941 both in the definition of cr 
and of the secondary objects. 

4.4. On the analytic torsion term. The tool for the computation of the torsion form 
Tors {an, 1) is the arithmetic Riemann-Roch theorem gotten from equation ( 14.3. U by dou- 
ble transgression (see for example IB-981 Theorem 4.4) 

a{Tors{an,l)) = tt^, (xd {Tg^^pi)ch{Os^,l)^ - chiRn^^Os^) 
(4.4.1) = ^f. (fd(T^)) -Tf, (fd(I^)a(i?(rs„/pi))) -1. 



We compute the arithmetic Todd class of T^^/pj, using Td = 1 + ^ + Y2 ^ ^^^^ 
bundle on an arithmetic surface. From lemma|3l we get 



Td{Tg^/pi,an) = l + <5^ 7;—x + a{ 



1^2 n + (n + 2)2 log27r , / „x ^ 

+ 0"" 7;—anX-\ — — X H — a(2an - (n + 2)x) 

1 + a„ —X + a{ — - — ) 

l + log27r n2-2(n + 2)log27r 1 (e(E* , h)a* , a*)h 
" ' X + - 



3 12 3 {a\a*)h 

We compute the direct image, 

.1 + log27r, 



7f4rd(T5„/pi)) = 1 + a{ 

The contribution of the R class is purely analytic. First recall that ci(r5^/pi, a„) = 
2a„ — (n+2)7r*a; and that 7ri,Q!^ = ci(i?„,/i„) = (7i + 2)a; so that 7r,tCi(T5^/pi, a„)^ = 0. 
We find 



7f*(rd(Ts^/pi)a(i?(rs^/pi))) 

= a (tt* (rd(r5^/pi, Q;„)i?(T5^/pi, a„))) 

= a (^n, (^(1 + ici(rs„/pi))(2C'(-l) + C(-l))ci(Ts„/pi)^ j 

= a(4C'(-l) + 2C(-l)). 



Back to formula (14.4. 1>. we find 



Torsian, 1) = i±M^ _ 4C'(-1) - 2C(-1) = r(pi,c.p.). 
We remark that the degree two part of the torsion vanishes. We conclude this step 

[ Td{TF\u}pi)Tors{an,l) = Tors{an,l) [ Td{TP^) 

= rors(a„,l) = T(pi). 
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4.5. On the Bott-Chern term. We now turn to the computation of Td{TSn , , wpi ). 

For ch{Os„,l) = 1 , we onl y need to know f53(rS'„, rP\ a„, Wpi). For Tdg = 
^ciC2, we derive from IG-S-901 (prop. 1.3. 1.2) that 

24fd3{T Sn,TF\ an, ujpi) = c~i(T5„, TP\ a„, c^pi)c2(r5„/pi 7r*Tpi) 
(4.5.1) +ci(r5„, an)c2{TSn, rP\ a„, wpi). 

The arithmetic relations between Chern classes in the following two exact sequences 



^ 
^ 

and the relation 



(T5„, an) 
(T5„, a„) 



(7r*rpi,a„) 
(7r*TP\7r*Wpi) 



enables us to infer 



TT OJpl 

We can now evaluate the contribution of the Bott-Chern part. The first term in for- 



mula (14.5. 1> is 



ci{TSn,T¥\ an ,LUpi)c2 (T5„ /pi e Tpi ) 

= ci (TSn, TP^ , an , ujpi)ci (Tg^/pi , a„ )ci (tt^TP^ , Tr^wpi ) 

= log (2a„- (n + 2)a;)2.T = 41og— a„a; 



TT^UJpl 



TT^UJpl 



SO that 



{ci{TSn,TF\an,ujpi)c2{Ts^/ri(Bn*TF^)) 



47r* log 



log 



an A^^pi 



l + (n+l)|zn|e 
1 + |z|2||e^P" 

1 + (n + i dz Adz 



l + |z|2 27r(l + |z|2)2 
As for the second Bott-Chern class of {TSn, TP^, «„, (jjpi ) 



4+ - 



log(n + 1) 



C2(r5„,rP\a„,Wpi) = C2(TS'„,TP\a„,Q;„) + ci(rs„/pi,a«)log — ^ 



'^n|7r*TPi 



TT'tJpl 



This in turn cuts the computations into two pieces we already computed in section l33l We 
find 



F,{ci{TSn,an)c2{TSn,TF\an,u;pi)) = An + A 
Summing up 

fd{TSn,TF\an,iOpi)ch{Os„A) 
This ends the second proof of our main formula. 



n + 4+ - 
n 



log(n + 1) 
n n log(n + 1) 
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4.6. Remark on deformations. The only deformations of the surface Sn are the surfaces 
Sm where m is of the same parity as n. Hirzebruch surfaces are pairwise diffeomorphic 
according to the parity of n, but the natural diffeomorphisms as described in LM-K-711 
Part I, Theorem 4.2. are not isometric for the metrics we choose which are constructed 
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algebraically. More precisely, formulas for the deformation families of 5*0 specializing to 

S2p 



■JO,* — > ^• 



2p 



I 
Sq 

lead, on appropriate open sets, to explicit formula for the metric on Sa,t transfered from 
the metric on 5*0 : 



and 



vI/*q;o = 71*1^^1 + dd!^ log 1 



^*aQ ~ Ti^ujpi + dd^ log 1 





1 


1 


T 


z 





txPz + 



This shows that the metric acquires singularities in the specialization : it vanishes generi- 
cally on generic fibers and tends to Fubini-Study metric on the fiber over 0. 

Using a genuine diffeomorphism between S2p and 5*0, the computation of the analytic 
torsion of S2p would require the anomaly formula IIB-G-S-88II Theorem 1.23. 



5. Appendix 

We will use Hodge identity 5" = [iAa^ , d'] to check that the exhibited form is harmonic. 
Starting from 

dd^log(l + |zn|e*p") 

o*ll2n ^ 2 



{n 



1 + |z|2||e*P» 

and 

dd" \og{l + {n+l)\zme 
n 

^ (n- 



(l + |z|2||e*P")2 27r 



dz + nzd' log II e* 



|2||„*||2nN 



1 + (n + l)|z|2||e*P" 



(n+l)||e* 



(l + (n + l)|z|2||e*||2»)2 27r 



dz + nzd' log II e* f 



we derive 

a«K*Tpi ,,,, l + (n + l)|z|2||e*||2" 
dd log — — dd log ■ 



TT LUpl 



1 + |z|2||e^||2 
n 



1 + |z|2||e*||2" 1 + (n + l)|z|2||e*P"^ 
(n + l)||e*||2" ||e*||2" 



(1 + (n + l)|z|2||e^||2")2 (1 + |2|2||e*p")2 J 2n 
n2|z|2||e*||2" 



dz + nzd' log ||e*p 



(1 + |z|2||e*||2»)(l + {n + l)|z|2||e*||2») 
n||e'^||2"(l- (n + l)|zn|e*||4") 



(1 + |z|2||e*||2")2(l + (n + l)|z|2||e*||2»)2 2n 



Recalling, 



1 + (n + l)|z|2||e* 



I|e1l = 



l + |z|2||e- 



we are led to 



Ac^^7r*[jpi = 



(l + |z|2||e^||2")2 27r 

l + |z|2||e-^||2" 
1 + (n+ l)|z|2||e*||2» 
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dz + nzd' log ||e*|p 



dz + nzd' log II e* 



and to 



Aa^dd'^log 



(l + (n+l)|zp||e-|p") 
1 + I^PIe^P" 



n 



l + (n+l)|^|2||e*P"" 



l-me*\\ 



This enables to compute 

(^{n + 2)7r*a;pi - dd" log t 
which proves that ujh '■= 7r*wpi — -p^dd'^ log 





is harmonic. Remark that 



) 



= 2 



L0% is d-exact and non-zero hence not harmonic even if it is the product of two harmonic 
forms. 
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